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1. Introduction 

These are notes on de Jong's proof of the period=index theorem over fields of 

transcendence degree two. They are actuahy about the "simphfied" proof sketched 

^ , by de Jong in the last section of his paper. These notes were meant as support for 

"^ ' my lectures at the summer school "Central Simple Algebras over Function Fields of 

r~| , Surfaces" at the Universitat Konstanz between August, 26 and September, 1 2007 

"*Ij ' but I did not finish them in timc.^ 

No originality is intended here. I have copied mostly from the following sources 

• M. Artin and A. J. de Jong, Stable orders over surfaces^ manuscript 2004, 
CN ■ 198 pages. 

*^ , • J.-L. CoUiot-Thelene, Algebres simples centrales sur les corps de fonctions 

de deux variables (d'apres A. J. de Jong), Asterisque (2006), no. 307, Exp. 
^ ; No. 949, ix, 379-413, Seminaire Bourbaki. Vol. 2004/2005. 

• A. J. de Jong, The period-index problem for the Brauer group of an algebraic 
surface, Duke Math. J. 123 (2004), no. 1, 71-94. 

f~^ ' • M. Ojanguren and R. Parimala, Smooth finite splittings of Azumaya alge- 

OO , bras over surfaces, http://www.mathematik.uni-bielefeld.de/lag/man/244.ps.gz. 

I wish to thank Johan de Jong for answering some questions and for sending me 
his manuscript with Mike Artin on stable orders. 
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, Disclaimer and apology These notes are not very systematic. In particular there 

j^ ' are some inconsistencies of notation and the level of detail is very uneven. Several 

parts are directly copied from the references listed above. Some parts consider 
subjects covered by other lecturers. Since these notes were mostly written before 
the summer school my presentation here is often different in content and notation 
from the actual lectures during the summer school. I apologize for this. 

Notations and conventions Unless otherwise specified all cohomology is etale 
cohomology, k is an algebraically closed field and n is a number which is prime to 
the characteristic. 

As over fields we define the degree of an Azumaya algebra as the square root of 
its rank (assuming it has constant rank). 



The other lecturers were PhiUppe Gille, Andrew Kresch, Max Lieblich, Tamas Szamuely and 
Jan Van Geel. 
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2. De Jong's theorem 

Here is de Jong's celebrated result. 

Theorem 2.1. [8] If K is a field of transcendence degree 2 and if A is a central 
simple algebra over K whose Brauer class has order prime to the characteristic then 

index(£') = period(I?) 

We start with some observations and comments. 

(1) Max Lieblich [16] has proved that the period-index problem over function 
fields can be lifted to characteristic zero. Hence the condition that the 
period must be prime to the characteristic can be removed. However in 
these notes we stick to de Jong's original setup. 

(2) It is easy to reduce the period-index problem to the case that K is finitely 
generated. 

(3) If K is finitely generated then by resolution of singularities we may assume 
that K is the function field of a smooth projective connected surface X 
(notation: K = k{X)). 

(4) li K = k{X) as above then one may first consider the case that D is in 
the image of Br(X). This is the so-called "unramified case". De Jong's 
proof deals first with the unramified case. The proof uses a deformation 
argument which is very specific for surfaces. 

(5) The "ramified" case in de Jong's proof is treated by an extremely ingenious 
reduction to the unramified case. 

(6) In [16] Max Lieblich gives a new and completely different proof of de Jong's 
theorem which starts by (birationally) fibering the surface X over P^. He 
then rephrases the period-index problem as an existence problem for cer- 
tain twisted vector bundles on curves over k{t). The corresponding moduli 
space is (geometrically) rationally connected (rational even) and in this 
way one can recover the period-index theorem from (deep) results about 
the existence of rational points on rationally connected varieties. See [10]. 

(7) Yet another proof is by Starr and de Jong [9] . Here one reduces the problem 
to the existence of rational points in certain twisted Grassmanians over the 
function field of a surface. 

3. Specialization 

De Jong's proof uses several times a specialization argument for the index. We 
discuss this first. 

Theorem 3.1. Assume that L/K is a field extension and assume that there is 
discrete valuation ring in L which contains K , whose quotient field is L and whose 
residue field is K . Let D be a central division algebra over K . Then 

index(L ®k D) = index(£') 

Proof. Let m be the maximal ideal of R. Put A = R ®k D and filter A by the 
TO-adic filtration. Then gr A = (gri?) ®k D = D[t]. Hence gr A is a domain and 
thus so is L ®K D = L (E)r A. Thus L ®k -D is a division algebra and therefore 

index(L ®k D) = deg(L ®k D) == deg(i:») = \ndcyi{D) 

finishing the proof. D 
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Remark 3.2. It is easy to see that this theorem and its proof generahze to the 
case that R is regular local {gr A becomes a polynomial ring in several variables). 
However the theorem is false without the assumption of R being regular. Consider 
the following counter example. Let D be arbitrary (of index > 1) and let X 
be the Brauer-Severi variety of D. It is well-known that X has a very ample 
line bundle C Let R be the local ring of the corresponding cone at the singular 
vertex. Then the quotient field L of i? is k{X)[t]. Hence L splits D and thus 
indcx(i (^K D) = 1 < mdcx{D). 

4. Invariants 
Let X be a scheme. It is classical that 

H\X,G,n)=Pic{X) 

The cohomological Brauer group of X is defined as H^{X, Gm)tors- Thanks to the 
following theorem we know that the cohomological Brauer group often coincides 
with the usual Brauer group. 

Theorem 4.1. (Gabber) Assume that X is a quasi- compact, separated scheme with 
an ample invertible sheaf (e.g. X is quasi-projective) . Then 

H\X,G^)tors^MX) 

Gabber's proof of this result is not widely disseminated. However a different 
proof was given by de Jong. See [7]. 

Let /i„ denote the n-th roots of unity. Since by our standing hypotheses n is 
invertible we have an exact sequence for the etale topology 

1 — ^ A*ri — > G„i > Gm — > 1 

(this is the Kummcr sequence). Taking cohomology we get a short exact sequence 

(4.1) O^Pic(X)/nPic(X) -> H^{X,^in) -^i Br(X)„ ^0 

We find that the cohomology group i7^(X, /i„) is a finer invariant than Br(x)„. 
Now we look at 

1 ^ /i„ ^ Sl„ ^ PG1„ ^ 1 
Taking into account that [18, Proof of Thm IV. 2. 5] 

i/i(X,PGl„)-Az„(X) 

where Az„(X) denotes the isomorphism classes of Azumaya algebras of rank n^ we 
obtain a map 

c\{^):Az„{X)^H\X,fi„) 
Thus we have constructed maps 

Az„(X) ^^ H^{X,^r.) ^ Br(X)„ 
We often denote the composition by [— ] as well. 
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Lemma 4.2. The square in the following diagram is commutative up to sign 



Az„(X) 

Endojf ( — ) 

VectniX) 



H'iX,tXn) 

I 

Pic(X)/nPic(X) 



Br(X)„ 



A^( — ) mod n 

where Vcct„(X) denotes the isoclasses of vector bundles of rank n on X . 

Proof. This follows from the following commutative diagram of groups 
1 > /!„ > Sl„ > PG1„ > 1 



id 



x^{x,x ) 
/in > Oln X( 



(u,i;)i- 



(-) 



-^1 



l''^ 



(-)" 



Gl„ 

jdct 



Taking into account that 

and that the map 
corresponds to 



iJi(X,Gl„)=Vect„(X) 

H\X,Gln) ^ H\X,PGlr. 



E ^ Endo^ (E) 
(see [18, Proof of Thm IV. 2. 5]) we obtain a commutative diagram 

Cl TT2t 



Az„(X) 

Vect„(X) 

Pic(X) 



H'iX,^i„ 
H^X,^i„ 



x(-l) 



H^X,^„ 



which yields what we want. 



5. Ramification 



D 



It is well know that etale cohomology can be computed in terms of local invari- 
ants. We discuss this in a very special case. 

Let I be a prime number different from the characteristic.^ Let /i; denote the I'th 
roots of unity. The following is the version by Bloch and Ogus of the Grothcndicck 
coniveau spectral sequence [13, pl64]. 



Most of what we say is valid for I not divisible by the characteristic. 
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Theorem 5.1. [5, Prop (3.9)] Assume that X is smooth over a perfect ground field 
k. Then there is a spectral sequence 

(5.1) sf = e,g^<„i/«-p(x, ^,f--P) ^ H^+^X, Mf ") 

Here X^p' are the points of codiniension p is X . I.e. the points such that Ox,x has 
(Krull) dimension p. 

Furthermore HP{x,iif"') is defined as 

HP{x,fif") = injlimi/P(t/, /if") 

UC{x\ 

where U runs through the open subsets of {x}. Note that 

injlimi/P(C/,/if") = HP{Speck{x),^if'^) 

UC{x} 

To prove this we may assume that x is the generic point of X and that X is affine. 
We have Specfc(a;) — projhmC/ where U runs through the open afhnes of X. We 
can now invoke [3, Thni VII. 5. 7] which says that under these circumstances etale 
cohomology commutes with inverse hniits. 

The main point of [5] is that the sheaffification for the Zariski topology of (5.1) 
degenerates at E2 and computes the sheaffification of the presheaf [/ t-^ H'p{U^ /j,^"). 
This will not concern us however. 

If X is a field transcendence degree r over the algebraically closed field k then 
the ^-cohomological dimension of K is r. See [18, p223 top]. The l-cohomological 
dimension is the degree above which all Galois cohomology of Z-torsion sheaves 
vanishes. This means that E^"^ — for q > dimX. 

We will now write out explicitly the coniveau spectral sequence in the case that 
X is a smooth proper connected surface over an algebraically closed field k. 

0a;gjf(o) -ff (x,/ij") 02:ejf(i) -ff (2;,/i; " ) 02ex(2) -ff (^^^M;" ) 

®,^x'.o>H^ix,t^r) 

So if C runs through the irreducible curves in X and x runs through the closed 
points of X we get a complex 

(5.2) 

H^iX,txf") ^ H^{k{X),^if") -^^H\k{C),fif"-^) -^ 0Aif""' ^ fif'^^ -^ 

C X 

where we have used Poincare duality 

i7^(X,/if")GS/if"-2 

This complex is acyclic in positions 2,4,5 and has homology in H^(X,^f^^) in 
position 3. 

Since X is a smooth surface we have that Bi{X)i -^ Br(fc(X))j is injective [18, 
Cor. IV. 2. 6]. From (4.1) apphed to Specfc(X) we get 

H\kiX),^xi)^BTikiX))i 
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Whence (5.2) transforms into a complex 

(5.3) ^ Bv{X)i ^ BT{k{X))i ^ H^ik{C), Z/IZ) ^ ^-^ ^ ^"^ ^ 

which is now also exact on the left. 

In [4] an explicit description of the maps in this complex is given. ^ The map a 
is ©c Ramc where 

Ramc : Br(fc(X)); ^ H^{k{C),Z/lZ) 

is the "standard ramification map" associated to the discrete valuation ring R C 

dcf 

K = corresponding to C C X. Note that we have 

H\k{C),Z/lZ) = Hom(Gal(fc(C)),Z/ZZ) 

from which one deduces the well-known basic fact that the non-trivial elements of 
H^{k{C),Z/lZ) are represented by couples {L/k{C),a) where L/k{C) is a cyclic 
extension of degree I and cr is a generator of Gal(L/A:(C)) (a is the inverse image 
of 1 € Z/ZZ). Hence if ramc takes a non-trivial value on [A\ € Br(fc(X))j (i.e. A is 
"ramified" in C) then ramc([^]) defines a couple {L/k{C),a) as above. 

Remark 5.2. By a local computation one may show that the following ring theoretic 
description of the ramification map is correct [2]. Let D E Br(k{X))i be a division 
algebra ramified in C. Let A C -D be a maximal order over R. Let M be the 
twosided maximal ideal of A. Then A/M be is a central simple algebra. Let L be 
its center. One may show that M is generated by a normalizing element 11. Then 
(T = n-II^^ defines an automorphism of L over k{C) and ram(:7([£']) = {L/k{C), a). 
See [21] for some of the unexplained terminology in this remark. 

The map r is a direct sum (Bc,xfc,x where x G C. Assume that C is smooth and 
{L/k{C),(j) € H^{k{C),Z/lZ). Then rc,x{L/k{C),(j) measures the ramification 
of L/k{C) in x in the sense that rc.x{L/k{C),(7) = if and only if L/k{C) is 
unramified in x (in the classical sense of extensions of discrete valuation rings). 

Remark 5.3. Using a local computation we can show that the following is correct. 
Let K = k{C) and let Ks be the separable closure of K . Then we have an exact 
sequence 

^ Mi ^ ^s -^ K -^ 
from which we deduce using Hilbert's theorem 90 (recall that over a field etale 
cohomology is the same as Galois cohomology). 

H\K,^ll)^K*/{K*)' 

If w is a discrete valuation (associated to a point x E C) then we obtain an induced 
map 

r : H'^iK, m) -^ Z/IZ : s i^ ^ 
Since /i; = Z//Z (non-canonically) we may twist r to obtain a (canonical) map 

r' : H^{K,Z/IZ) -^ ^i 
Then one has r' — re x- 



The proof in [4] for the existence of this sequence is a bit different from, but equivalent to the 
one given here. 
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The map s is simply the sum map. Note that for arbitrary C we have a complex 



H\k{C),Z/lZ) ^ ^ fi,^^ 



s -1 



xec 



In other words is ^ e H^{k{C), Z/IZ) then 

xec 
This is a kind of reciprocity law. 

The only reason why we need the coniveau complex is the following 

Proposition 5.4. Assume that y^ [A] d Br(X)i where X is a smooth connected 
surface over an algebraically closed field k. Then it is impossible for A to be ramified 
in a union of trees of P^ 's. 

Proof. Assume that the ramification locus of A is a union of trees of P^'s. Then 
there is at least one of those P^'s which intersects the other components of the 
ramification locus in at most one point. Denote this P"'^ by C The case that there 
is no intersection point is very slightly easier so assume there is an intersection 
point and denote it by x. Finally put ^ = Ramc(A). li x y^ y € C then there is no 
other component of the ramification locus which intersects y and hence it follows 
from (5.3) that rc,y{0 ^ 0. 

From the identity X^^eC ^c,a;(C) = we then obtain rc,x{£.) = 0. But this means 
that ^ is unramified over P-'^ . To finish the proof we note that P^ does not have any 
unramified coverings. See e.g. [18, 1.5(f)]. D 

A particular type of surface singularity is a so-called rational double point. The 
minimal resolutions of such singularities are trees of P^ 's whose incidence graph is 
a Dynkin diagram. See [17]. We obtain the following corollary to Proposition 5.4. 

Corollary 5.5. Assume that X is a proper, connected singular surface whose only 
singularities are rational double points. Let U be the complement of the singular 
locus and let X ^ X be the minimal resolution of singularities. If a ^ Br(fc(A)); 
is unramified on U then a is unramified on X as well. 

Proof. If a is ramified on X then it can be at most be ramified on the exceptional 
locus which is a union of trees of P^'s. According to Proposition 5.4 it must then 
be unramified. D 

The simplest rational double points are Ai-i singularities. They can be char- 
acterized as those singularities whose local ring (R, m) after completion becomes 
isomorphic to 

k[[x,y,z\]/{z^ -xy) 

{I does not have to be prime the the characteristic here). An easy local computation 
shows that such an Ai-i singularity can be desingularized by \{l—\)/2\ consecutive 
blowups at singular points (which are themselves A;/_i singularities for V < I). The 
resulting exceptional locus is the Dynkin diagram A;_i. 

Example 5.6. Let {R,m) be a regular local fc-algebra of dimension two with 
residue field k and let / € rn^ be such that f — xy = mod m^ where m — 
{x,y). Then R = R[w]/{w'' — f) is an A; _i -singularity. To see this note that after 
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completion we have R = A:[[a;,y]]. We claim that after redefining x, y we may 
assume f = xy. Assume 

f — xy € TTi* 
Put x' — X + p, y' ^ y + q such that p,q (z m} . Then 

/ — x'y' = (/ — xy) — xq — ypmodm^^ 

Since x, y generate m we may find p, q such that / — x'y' G m*+^. Repeating this 
procedure proves the claim. 

Assume that AT is a smooth proper connected surface and let C E Pic(A). Let 
7^ s e H^{X^ £'). We define a sheaf of algebras on X as follows 

(-1 



A^^C-'T' 



where T = s and Y = Spec^. Then F ^ A is a cyclic covering of degree I of A 
which is ramified in the zeroes of s. 

Proposition 5.7. Assume that the zero divisor H of s has normal crossings with 
smooth components. Let Y be the minimal resolution of singularities of Y . Let 
a G Br(A:(A)); and assume that the ramification locus of a is contained in H. 
Then a^.z-y-) is unramified. 

Proof. By Example 5.6 Y has ^/_i-rational singularities. As the ramification locus 
of a is contained in H it is standard that afe(v) is unramified on the regular part of 
Y (e.g. [6, §23.3]). But then it follows from Corollary 5.5 that a^./^) is unramified 
as well. D 

Before moving one we state a result which is peculiar to dimension two. 

Lemma 5.8. Let X be a smooth projective surface and let A be a central simple 
algebra over k{X) which is unramified. Then there exists an Azumaya algebra A 
on X such that Ak{x) = A. 

Proof Let A he a maximal order in A. I.e. a sheaf of Ox-algebras torsion free 
and coherent as Ox-module which is contained in A (such an object is called an 
"order") and which is not properly contained in any other order. Maximal orders 
are a non-commutative version of integrally closed rings but they are not unique 
[21]. 

As an Ox module we have 

A = A"'"' ^ Homx{Homx{A, Ox), Ox) 

since otherwise A'^'^ would be a bigger order. A standard fact in commutative 
algebra says that a reflexive module over a ring of global dimension two is projective. 
So A is locally free. Furthermore since A was supposed to be unramified we have 
that Ax is Azumaya for all x G X'-^^ where X'-^^ denotes the points of codimension 
one. 

Consider now the standard map 

A ®Ox ■^° -^ Sndoj, (A) 

This now an isomorphism in codimension one between locally free modules of the 
same rank. Hence it has to be an isomorphism. D 
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6. Artin splitting 



If A is an Azuinaya algebra of index d on a scheme X, £ is an invertiblc sheaf on 
X and s E H'^{X,A(E)x C,) then we denote the (reduced) characteristic polynomial 
of s by Ps{T). The cocfHcicnt of T' is a section of C®'^-\ 

Put 

L ^ Spec @n £-"r" 

We may view Ps{t)C^'^ as sections of ©„£~"T". Hence inside L they cut out a 
subscheme which we denote by Kj- Looking e.g. locally it is easy to see that Ys/X 
finite and flat. 

If we do not specify £ (e.g. in the local case) then we assume C — Ox (or rather 
that we have chosen some unspecified trivialization C = Ox)- 

The following result is due to Mike Artin [2] 

Theorem 6.1. Assume that X is a smooth projective surface over an algebraically 
closed field k. Let A he an Azumaya algebra of degree d over X which is generically 
a division algebra. Let M be an ample line bundle on X. Then for r S> and 
C = A4^' there exists a Zariski open subset U C H'^{X,A(^Ox ^) such that for 
s (z U we have 

(1) Ys is a smooth connected surface. 

(2) Ys/X is generically etale (i.e. k{Ys)/k{X) is separable). 

(3) Ys splits A. 

Remark 6.2. This can be extracted from [2, Thm 8.1.11]. However this last result is 
much more precise and it does not assume that A is generically a division algebra. 

The following key lemma analyzes the local situation. 

Lemma 6.3. Let (R, m) be a regular local k-algebra of dimension 2 with residue 
field k. Let A be an Azumaya algebra of degree d over R. Then there exists a closed 
subvariety W in A/rn^A (the latter viewed as a vector space) of codimension 3 such 
that for s E A we have that Yg is regular if s ^ W (here and below s stands for 
s modm^). 

Proof We choose an isomorphism A/m'^A = Md(R/m?) and an isomorphism 
R/m? = k[ri, C]/{rj^ , C'^jVO- Using these isomorphisms we let Gld(fc) act on A/m^A 
by conjugation. 

We let W be the of the locus of elements s = so + sir] + S2C in Ajrv? A such that 
So has a repeated eigenvalue /i with the property det(s — /i) = 0. We claim this is 
a closed subset of Ajrn} . To prove this consider the subset W of P((A/m^) © fc) 
defined by 



W = {(s, /i) I /i is a repeated eigenvalue of sg and det(s — /i) = 0} 
on that /i is a repeat 

rk(so-M)^ < d-2 



This is closed since the condition that /i is a repeated eigenvalue can be expressed 
as 

n2 



Hence VF is a projective scheme. The projection map W -^ P(A/to^A) : (s, /i) i~> s 
is well defined since if s = then det(/x) = and hence ^ = 0. Hence the image of 
W in P(A/to^A) is closed. Since W is the cone of the image of W in P(A/m^A) it 
follows that W is also closed. 
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We can describe the elements of W by putting sq in Jordan normal form. One 
verifies that s Cz W if and only if one of the following conditions holds 

(1) So has two Jordan blocks with equal eigenvalues. 

(2) So has a Jordan block of size > 1 of the form 

f^i 1 ••• 0\ 

M ••• 

••• M 1 
V* ••• ^ij 

such that si^ij — S2,ij = where {i,j) refers to the entry of s marked by 
"*" in the above matrix. 

From this description it follows easily that W has codimcnsion three. 

Assume now s £ A such that s ^ W. Denote the closed point of Speci? by o. 

We will the describe the equation of Yg in the neighborhood of a closed point 
(o, /i) G Yg where /i is an eigenvalue of sq. Replacing s by s — /x we may assume 
/i = 0. The equation of Ys around (o, 0) will be 

Ps{T) =T'' + aiT''-^ + ■■■ + aa-iT + a^ 

where a^ G R. We have 

arf ^ ± det(s) mod m 

ad-i = ± tr(ad(s)) mod m 

To be able to compute we put sq in Jordan normal form. We separate two cases. 

(1) The eigenvalue has multiplicity one. In that case Ud-i & R* ■ 

(2) The eigenvalue has higher multiplicity. Since s ^ W we obtain from the 
definition of W: ad = det(s) 7^ 0. In particular ad ^ m? ■ 

Hence in both cases Ps{T) ^ (m, Tf C R[T](Ty Thus Y^ is regular in (o, 0). D 

We need a trivial lemma about ample linebundlcs. 

Lemma 6.4. Let M. he ample on X and let T he a coherent sheaf on X . Then for 
r ^ and for C — A^'' we have that for all x the map 

H°{X, T(g>xC)^ H°{X, TjmlA ®x C) 

is surjective. 

Proof. For s ^ we have that A4^ is very ample [15], i.e. for all x E X we have 
that 

H"{X, M") -> H^{X, M' ® Ox /ml) 

is surjective. See [15, Prop 7.3]. 

For t 3> we have that T ® A^* is generated by global sections [15]. I.e. there 
is a surjective map 

and hence surjective maps 

{M'x)®^ ^ J" ® M'+' 
{M\ ® Ox/ml)®^ -^T® M"+* ® Ox /ml 
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Since the last map is between sheaves concentrated in a point, it remains surjective 
after applying H"{X, — ). 

The lemma now follows from the following commutative diagram 



H^{X,M'®Oxlml)®^ > H°{X,T (g> M'+* (g> Ox/ml) 

using the fact that the lower horizontal and the leftmost vertical maps are surjective. 

D 

Proof of Theorem 6.1. We prove smoothness of Yg first. By Lemma 6.4 we have 
that for r ^ Q the map 

p : H^iX, A(g>xC)^ H"{X, A/mlA (g>x C) 

is surjective for all x. Let Wx C H^{X, A/mlA(^x^) be the subvariety we denoted 
by W in Lemma 6.3 (choosing an arbitrary trivialization of £ in a neighborhood of 
x). 

Let si, . . . , s„ be a basis for H''\X, A (E)x ^)- Put A" = Spec k[ti, . . . , t„] and 
put s = tisi + • • • + t„s„. Let tp -.Yi ^ X X A" he the ramified cover defined by s. 
Let NSm(y5) be the locus where the projection Yg -^ A" is not smooth (i.e. where 
^Ys/A" is not locally free). We need to prove that the image of NSm(y5) is not A". 

For X £ X we have shown above that ^p~^{x x A") n NSm(Fs) C 'ip^^{x x 
p~^{Wx)). It follows that NSm(ys) has codimension > 3 in Yg. Since dimX = 2 
this means that the image of NSm(ys) cannot be the full A". This finishes the 
proof of smoothness. 

Now we prove splitting and generic etaleness. Fix x E X. There is a Zariski 
open V C A/mA = Md{k) such that for i G V we have that the characteristic 
polynomial of t has d distinct roots. Let V he the inverse image of V under the 
surjective map 

p' : H^iX, A(g>xC)^ H"{X, A/m^A (g>x C) 

Hence Yg/X is unramified in a; if s e V. Since Yg/X is flat we deduce that Yg/X 
is etale in a neighborhood of x. Hence Yg/X is generically etale if s e V. 
If k{Yg) does not split D — Ar^ then the map 

k{Yg) -^ D -.T^ s 

must land in a non-maximal subfield of D. But then Pg{T) is not the minimal 
polynomial of s and hence it is has multiple roots. It follows that Yg/X is not 
generically etale. D 

7. Elementary transformations 

Suppose X is a scheme and / is an invcrtiblc ideal in Ox ■ Let A be an Azumaya 
algebra on X and assume that A = A/ 1 A = Endo^ {V) with V a vector bundle on 
D = V{I). Suppose we have a subbundlc F of V. 

We define 

B^{cj)eEndoAV)\HF)cF} 
and we let B he the inverse image of B in A. Define 

J^{4>eEiidoAV)\<l>iV)cF} 
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and let J be the inverse image of J in A. Thus we have inclusions 

lAcJcBcA 
It is clear that J is a twosided ideal in B. It is also a right A ideal. We put 

yl' = End^(J) 
and call A' the elementary transform oi A with respect to the data {D,J-',V). 

Remark 7.1. Max Lieblich points out that this definition can be generalized and in 
this way actually becomes more transparent. Instead of giving V and JF as input 
one may start directly with a locally free right ideal J (z A which is locally a direct 
summand. In this way we do not have to assume that A is split. In these notes we 
stick to the original definition. 

To analyze the properties of elementary transformations we may work locally for 
the etale topology. Switching to an affine setting with X = Spec R we may assume 
that A = Mn{R). V ^ R", F ^ R^ . Then we find 

// ••• / / ••• A 



B = 



I 
R 

\R 
(R 

R 
R 



I I ■■■ I 

R R ■ ■ ■ R 



A' 



We deduce immediately 



\R 
/ R 



R 

/-I 



R R ■ 

R I ■ 

R I ■ 

R R ■ 

R R ■ 
R I 



R I 
/-I R 



R) 
A 

/ 
R 



R) 



A 

/ 
R 



\I-^ ■■■ /-I R ■■■ rJ 



Lemma 7.2. The elementary transform of an Azumaya algebra is an Azumaya 
algebra. 

Now we work globally again. Let Q — V/F. Directly from the definition we 
deduce that there is a short exact sequence 

O^B^A^ Hom^(i^, Q) ^ 

We will now construct a similar exact sequence for A' . The inclusion I A C J yields 
a map 

A' = Hom^( J, J) -^ r^j = r'^ (g)j ^ r^ (g>oo J 
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One checks locally that the image of this map is precisely 

/"^<»o„Homc)o(Q,F) 
and likewise one checks locally that the kernel of the induced map 

A' ^r^(g)On^omo^iQ,F) 
is precisely B. Taking into account that 

/-I ®Oo Homo^ (Q, F) = Homo^ (///' ®Oo Q, F) 
we get an exact sequence 

Q^B^A'^ Homoscro {I/I'' ®On Q,F)^0 

There is a proof of the following proposition in [2] . We give the proof in [6] . 

Proposition 7.3. Let X be a scheme, A G Az„(X), with n invertible on X and 
I C Ox an invertible ideal. Assume there is a Od — Ox 1 1 vector bundle V such 
that A = A/ 1 A = £nd{V). Let F C V be a subbundle of constant rank r. Let A' 
be the associated elementary transform. Then 

(7.1) d{A') = cliA) + r[L] e H^X, lin) 

where [I] is the image of L under the composition 

Pic(X) -^ Pic{X)/n -^ H'^iX, ^„) 

Proof. We first consider the case that A — Endx(y) is split, V = V/IV and 
FcV.LetQ^ V IF and let W be the kernel oiV ^ Q. Then J = Homx(V", W) 
and hence A! = F,ndx{W). 

Hence according to Lemma 4.2 cl{A) = —[A"V], cl{A') — —[A"-W]. So we have 
to compare A"V and A"VF. The inclusion W <Z V certainly yields an inclusion 
i : A"T4^ C A"y. 

Working locally we may assume V — 0\ and W — J"^'' © 0^. We then find 
that the image of i is equal to /""''(A"^). Hence 

[A"T4^] = (n - r)[I] + [A"F] ^ -r[I] + [A"y] 

(we are working modulo n). Hence by lemma 4.2 

c\{A!) = r[I] + c\{A) 

Before we continue we mention that we could have taken V — J ® V/IV , J E 
Pic(Z?) and F C J ^ V/IV, but then the elementary transform with respect to 
F is the same as the elementary transform with respect to J~^ (E) F C V/IV and 
rk^(F) = rk^(J~^ (g) F). So our assumption that V ~ V/IV was not a restriction. 

Now we assume that A is general. The next argument is due to Gille. Let 
TT -.Y ^ X he the Brauer-Severi associated to A. Thus Y splits A and etale locally 
y is a P"-i bundle over X. 

It is easy to see that elementary transform is compatible with base change. Thus 
Ti*{A') is the elementary transform of 'k*A with respect to tt*F. Since 'k*{A) is 
split we find 

TT*c\{A') - c\{t:*{A!)) = r[TT*I]+c\{-K*{A)) = r7r*[/] +7r*(cl(^)) 

Hence it sufficient to show that 

TT* ■.H\X,Hn)^H\Y,Hn) 
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is injective. We compute H^{Y,fin) using the Leray spectral sequence 

We have R^n^.^n — IJ-m i?^7r*^„ = (see below). Hence the i?2-page of the spectral 
sequence is as follows 

H"iX,R^n,^In) H^iX,R^TT,.^In) H^iX,R^TT,.^in) 



H%X,tx„) H\X,fXn) H\X,n„) 

so that we have an exact sequence 

^ H^{X,^ir,) ^ H^{Y,i2r,) ^ H"{X,R\,^in) 

and in particular we get the requested injectivity. D 

Lemma 7.4. Let Y ^ X be a relative Brauer-Severi scheme. Then we have 

R 7r,/X„ — ^n 
R^TT^fln = 

Proof. Using the proper base change theorem [11, IV-1] it suffices to prove this in 
case X is a geometric point. But then Y = P"^i and the cohomology of projective 
space is well-known (e.g [18, Example VI.5.6]). D 

Remark 7.5. In [6] the formula (7.1) has a — sign. This is because it is assumed 
/ = Oxi^D) for a Cartier divisor D and the formula is in terms of D. 

Remark 7.6. Artin and de Jong [2] show that two Azumaya algebras on a surface 
which are birational can be transformed into each other by an elementary transform 
based on a smooth curve. 

8. Killing obstructions 

The following we take from de Jong [8, lemma 3.1]. 

Lemma 8.1. Let X —^ X' be a closed immersion defined by an ideal I of square 
zero. Let A be an Azumaya algebra on X. If H^{X,I (^x (A/Ox)) = then A 
lifts to X'. 

Proof Etale locally ^ is a matrix algebra. A matrix algebra can obviously be 
lifted. Furthermore any such lifting is itself a matrix algebra (since we may lift 
idempotents). 

It follows that etale locally A lifts uniquely up to isomorphism. The sheaf of Ox' 
isomorphisms of a given lift reducing to the identity on .4 is / ^x ^ctq^{A,A). 
It is part of the standard formalism of deformation theory that the obstructions to 
gluing local lifts are lying in the H^ of this sheaf. 

We finish by observing that there is an exact sequence 

0-^Ox -^A->DeTo^iA,A) -> 
This is basically Skolcm-Noether for derivations. D 

Remark 8.2. Etale cohomology and Zariski cohomology coincide for quasi-coherent 
sheaves [18, Remark 3.8]. So for computing the cohomology group H'^{X,I (E)x 
{A/ Ox)) we may use Zariski cohomology if we want to. 
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Lemma 8.3. Let D/k be a smooth connected projective curve and V a vector bundle 
of rank n > 2 on D. Let T C D{k) be finite and assume given for every t (z T a 
one dimensional subspace Ft d Vt- Then there exists a sub line bundle T <ZV such 
that for t (^ T we have Tt — Ft- Moreover, fixing the other data, T can be chosen 
to be of arbitrarily negative degree. 

Proof. Define W by 

^ W ^ V ^ QteTitAVt/Ft) -^ 

Choose a line bundle !F such that W (E) T^^ is generated by global sections. Let 
V — Homx(^, W). We have that the following map is surjective for all x ^ Xik) 

V = H\X, W ®x :F-^) ^ W, ®k T^ = Homfe(^„ W,) 

In particular dim Y >n. 

An element s G V defines a map JF ^ W ^ V as in the statement of the lemma 
if the following two conditions hold 

(1) If a; ^ T then s^ is not zero. 

(2) If .T G T then the composition Tx ^^ Y^x ^ Fx is not zero. 

Let d = dim V . Condition (2) is true on a Zariski open V oiV iJJ is the complement 
of a finite number of hyperplanes). Let Z C (Z? — T) x C/ be the set op pairs (x, s) 
such that Sx = 0. Clearly Z is closed. The dimension of the fibers Z ^ D — T is 
d ~ n. Thus dim Z < I + d — n. Since n > 2 this is less then dim U = d. It now 
sufhces to select an s not in the image of the projection Z ^ U. D 

Theorem 8.4. Let X/k be a smooth connected proper surface. Let A G Az„(X). 
Then there is an elementary transformation A' G Az„(X) of A such that 

c\{A) = cl(yl') 

and 

H\X,A!/Ox)=0 

Proof. Using the reduced trace map we see that A' /Ox is self dual. Hence it is 
sufficient construct A! in such a way that 

For an arbitrary line bundle £ on A" we will construct A! in such a way that 

H'\X,A:/Ox®xC)=Q 
or equivalently (since Ox is a factor of A) : 

H^{X,£)->H°{X,A'®xC) 

is an isomorphism. 

Assume s G H°{X,A<Ex C) \ H°{X,C). There exists t G X such that st ^ Lt- 
We have At — Endfc(Vt ® Ct) for Vt a n-dimensional vector space. Hence there is a 
one dimensional subspace Ft C Vt such that St{Ft) (^ Ft® Ct- If s' G H^{X, A ®)x 
C) \ H°{X, C) is such that s't{Ft) CFt®Ct then we can find t' e X, Ff C Vf such 
ih&i s't, {Ft') (t Ft' ® Cf ■ 

Continuing we find a finite subset T (Z X and one-dimensional subspaces [Ft C 

Vt)teT 

H\X,J:) = {5 G H\X,A®x £) I vt G T : st{Ft) (/. Ft®Lt} 
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Choose an ample line bundle C on X. For q sufBciently big a generic section of 
£®n(j vanishing on T will define a smooth curve D C X passing through T (this is 
a version of Bertini, see below). Thus we have £®"9 ^ Ox{D). In particular the 
class of D in Pic(X) is divisible by n. 

By Tsen's theorem there is a vector bundle V of rank n on D such that Ad = 
£nd£i{V). For t G T we have now two isomorphisms At — End(Vt), At — End(Vt)- 
These two isomorphisms are related to each other through an isomorphism rjt : Vt — 

According to Lemma 8.3 we may choose a sub line bundle JF C V such that for 
alH S T we have Tt — rjt{Ft). Let A' be the elementary transform of A associated 
to{D,T,V). 

Since D is in nPic(X) we have c\{A) = c\{A') (using (7.1)). Let Q = VjT. 

We have an exact sequence 

^^B®xC^ A®xC^ nomoiT, Q) (E) Co -> 
Checking at the points of T we see that 

H"{X,B<»xC) ^H°{X,£) 
Now we consider the other sequence 

0->B®xC-^A'®xC-^ noniDilD/ll ® Q, f) ®dCd^O 
where Id = 0{—D). We deduce that there is an exact sequence 

^ H°{X,C) -^ H"{X,A' (E)x C) -^ RomDilD/Ij) <»d Q,^) ®d Cd 
Now 

RomDilD/lh ®D Q.f®x C) C YLomD{lD/ll ®d V,T®x Cd) 
Choosing T negative enough we get 

Y^ovnD{lD/ll ®DV,f®xCD)^Q 
This finishes the proof. D 

We have used the following version Bertini. 

Lemma 8.5. Let X/k he a smooth projective variety of Aim X > 2. Let C he an 
ample line bundle on X . Let T he a finite suhset of X . Then for n large enough the 
zeroes of a generic section of £®" which is zero on T will be smooth and connected. 

Proof. Connectedness follows from [15, Thm IIL7.9]. We prove smoothness by 
suitably adapting [15, Thm II.8.18]. 

li M. is a very ample line bundle on X then for all a; G X we have that 

iJ°(X, M) -> H°{X, M ® Ox /ml) 

is surjective. This is in fact an equivalence. See [15, Prop 7.3]. It follows easily 
that if £ is a coherent sheaf generated by global sections then 

i?°(X, £®xM)^ H°{X, £®M® Ox /ml) 

is surjective as well. 

It follows from Lemma 6.4 that for n 3> we have that 

H°{X,I^x >C") ^ H^{X,I® O" ® Ox /ml) = ijO(X, [I ® C')/{I ® C')ml) 

is surjective for all x. Imitating the proof of [15, Thm II. 8. 18] we find that there 
is a Zariski dense subset U C H^{X,I®x CJ^) such that for s e t/ and a; ^ T we 
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have that the zeroes Z oi s are smooth in x. Naturally Z passes through T. It 
remains to prove that can make Z smooth in T as well. Let t G T. Then Z is not 
smooth in t ii st e H°{X,C" (g) m^) = H'^{X, {J (g) C")mt). Hence by taking s in 
the complement of a suitable set of linear spaces Z is smooth in t as well. We are 
done. D 

9. General lifting 

Proposition 9.1. Assume that we have a proper flat map of finite type (f> : W ^ C 
with C/k of finite type as well. Let x E C and X = (f)^^(x). Let Aq G Az„(X) be 
such that 

H\X,Ao/Ox)=0 
Then there exists a diagram 

X = (/j'-^x) = (j)-^{x) > W = C' xcW > W 



c > c 

etale 



together with A' G Az„(T4^') such that A',,-i,^ = Ao- 

dcf 

Proof Let m^ C Oc be the defining ideal for a; G C. The defining ideal of Xq = 
X (ZW is 

^ r flatness 

/ = rUxOw — rax ®Oc ^w 
Let Xn be defined by /"-i ^ w"~^ (gc Ow Then Xn+i inside X„ is defined by 

Hence the obstruction of lifting an An G Az(X„) to an An+i G Az(Ar„+i) lies in 

H^iXo,0^:^"®x„Ao/Oxo)=0 
We may construct liftings 

• • • ^ Am -^ ■ ■ ■ ^ A2 -^ Ai -^ Ao 
where Am lives in Azn{Xm)- Put 

A — proj lim„ A 

A is an Azumaya algebra over the formal completion X of W^ at AT. Recall 
that the formal completion of X in ly is the ringed space(Ar, Ow,x)- This is not a 
scheme but a so-called formal scheme [15]. 

By Grothendieck's existence theorem [12, 5.1.4] there is an equivalence coh(SpecC'c,2;Xc' 
W) = coh(X). Note that SpecOca; Xc W is an actual scheme. 

From the Grothendieck existence theorem we deduce easily Az„(SpecC'c,i; Xp 
W) = Az„(X). Let A G Az„(SpecOax 'XcW) correspond to A. 

The functor 

Sch/CiL*^ Az„(DxcW^) 
is locally finitely presented in the sense that its restriction to affine fc-schemes com- 
mutes with filtered direct limits. It follows from the Artin approximation theorem 
[1, Cor (2.2)] that there exists x ^ C ^^ C and A' G Az„(C" XcW) such that 
formally 

"yl' = ^modm" 
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which means 

finishing the proof. D 

10. Creating a family 

We prove the foUowing result, 

Proposition 10.1. Let X/k a smooth, proper, connected surface and let a G 
Br(X)„. Then there exists a smooth connected k-variety W of dimension 3 and 
morphisms 

W — ^-^ X 

f 

A} 
such that 

(1) f is smooth. 

(2) The generic fiber of f is geometrically connected. 

(3) / is proper over a neighborhood of 0. 

(4) Y = Wn = ./"^(O) splits a. 

(5) Wi = f^^{l) 7^ and g : Wi -^ X is an open immersion. 



Proof of Proposition 10.1. We know that a^x) is represented by a division algebra. 
Hence by lemma 5.8 we know there is an Azumaya algebra A € Azm(^) on X 
representing a which is generically a division algebra. We choose a line bundle C 
and a section s ^ A ®x C. so that Yg is smooth and splits A. Put 

Then Yg is defined by the locally principal B ideal generated by P{T)C^'^ where 
P{T) is the reduced characteristic polynomial of s. 

Choose wi , . . . , Wm distinct global sections of C and put 

Q{T) = {T-wi)---{T-Wm) 

and 

R{t,T) = {l-t)P{T) + tQ{T) 
We view R{t, T) as a section of 

B[t] ®x /:" 

We let W' C L X A^ he defined by the locally principal B[t] ideal generated by 
R{t,T)C^^". Thus we have the following diagram 

W -^^ L > X 

We denote the composition of the horizontal arrows by g' and the vertical arrow 
by /'. We check the following things. 
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(1) W ^ X X A^ is finite flat. To see this we note that R{t,T) is of the form 
T™ + lower terms in T. Thus B[t]/{R{t, T)C-''^) is locaUy free of rank m 
over X X A^. For use below we record W' — SpecC where 

It follows in particular that /' : W -^ A^ is proper and flat. 

(2) The fiber at of /' : W' -^ A^ is equal to Yg. This is clear since this fiber 
is defined by P{T). 

(3) The fiber at 1 of /' : W -^ A^ is defined by Q{T) and can be written as 
X = Xi U • • • U Xjn where g' restricted to each Xi defines an isomorphism 
Xi = X. The singular points of (/')^^(l) occur at the intersections XiOXj. 
This happens at the points of X where the sections Wi , Wj are equal. 

Now put 

W" ^W -X2U---UX^ 

Then the fibers of f'\W" are smooth at 0,1. Since smoothness is an open con- 
dition on fiat maps [14, Thm 17.5.1] there is a neighborhood C/ of 0, 1 such that 
if'y^iU) -^U is smooth. And of course {f')~^{U - 1) ^ {U - 1) is stih proper. 
We let W be the smooth locus of /' | W" . Then W contains {f')-^{U). We let /, g 
be the restrictions of /', g' to W . 

The only property that remains to be proved is that the generic fiber of / is 
geometrically connected. It is clear that / and /' have the same generic fiber hence 
we consider /' which is proper. 

Consider the Stein factorization [15] for proper morphisms. 

T4^'iSpecr(M^',C'vi/') ^ A^ 

Here p has geometrically connected fibers [12, Remarque 4.3.4] and q is finite. We 
need to show that q is an isomorphism. I.e. that V{W' ,Ow') = k[t]. This follows 
from the fact that 

T{W',Ow')=T{X,C) = k[t] D 

11. The unramified case 

Theorem 11.1. Let X be a projective smooth connected surface over algebraically 
closed field. Assume that a € Br(X) C Br(A:(X)) has period n. Then the index of 
a is n. 



Proof We construct 



Y > W — "—^ X 







as in Proposition 10.1. 

Choose rj £ H^{X, pin) whose image is a. From the commutative diagram 

> Pic(y)/nPic(r) > H^{Y,Hn) > Br(r)„ > 



Pic(X)/nPic(X) > H^(X,fj,n) > Br(X)„ > 
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we see that we can choose £ e Pic(y) such that the image of C in iJ^(y, /i„) is 
—rjY- Consider the foUowing Azumaya algebra on Y 



n-l\ 



By Lemma 4.2 we find cl(,8o) = tjy- Using Lemma 8.4 we may find an elementary 
transform Ao of Bq such that H'^(Y,Ao/Oy) ~ and such that cl(ylo) = cK^So) = 
rjy. According to Theorem 9.1 there exists an etale neighborhood C" ^ A^ of 
such that /' : W' — C x /^^i W ^ C is proper and smooth and an Azumaya algebra 
A on W' = C" x^i T4^ such that Ay = Aq- Since cl(— ) is compatible with base 
change we have c\{A)y = c\{Ay) = c\{Ao) = tjy- 

We have c\(A) G H'^(W',^in)- According to [18, Prop 1.13] we have 

(i?'./:Mn)o - injlimi/2(C" Xc T4^',Mn) 

where C" runs through all etale neighborhoods of G C". By proper base change 
[11, IV- 1] we have 

Combining these two results we get 

H^{Y,fin) = injlim H^C" Xc'W',^in) 

Now cl(^) and rjiyi have the same image in H^{Y,Hn)- It follows there is some 
etale neighborhood C" -^ C oi e C such that cl(^)v^" = r]w" where W" = 
C" xc W. We replace C" by C", W by W" , A by Aw- We have now arrived at 
the situation where cl(^) = rjw' ■ Going to Brauer groups we find 

[A] = [cl(^)] == [r]w'] = Mw = aw' 

Thus we have shown that the image of a G Br(A:(X)) in Br(fc(W)) has index n. 
By Theorem 3.1 it is now sufficient to construct a discrete valuation ring in k{W') 
with residue field k{X). 

We proceed as follows. We may extend C" -^ A^ to finite morphism of smooth 
(affine) curves C ^ A^. Then W = C Xp^i W is smooth over C and hence regular. 
It contains W' as an open subset and hence k{W') — k{W). 

Since k is algebraically closed there exists a point c G C lying above 1 G A^. 
Then c x^i M^ is a divisor DinW which is isomorphic to Xa2 ly which is an open 
subset of X. The discrete valuation ring in k{W) defined by D has residue field 
k(X) which is what we want. D 

12. The ramified case 

Theorem 12.1. Let k be an algebraically closed field. Assume that X/k is a 
smooth projective connected surface. Let a G Br(/c(X)) be of period n, prim,e to the 
characteristic of k. Then the index of a is n. 

Proof. It is standard that we may reduce to the case that period(Q;) is prime I, 
different from the characteristic (we could already have done this earlier but for 
the unramified case does not simplify the proof). To avoid trivialities we assume 
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To start the proof we construct morphisms 

W — ^— ^ X 



of smooth connected varieties with dim W ^ i and with the foUowing properties. 

(1) The morphism / : T4^ ^ A^ is smooth. 

(2) The generic geometric fiber Wf^ oi f :W ^ K\ is projective and connected. 

(3) The fiber Wi of / in 1 e A^ is non-empty and the restriction oi g -.W ^ X 
to Wi is birational. 

(4) The inverse image r* [a) of a through the composition r : Wfi -^ Wr/ -^ 
W ^ X is unramified on the surface Wfj. 

Assume we have constructed such morphisms. By the unramified we know that 
{a)k(w-) has index 1 or I. We can pull this back to a finite extension of A:(A-'^). Hence 
there exists a finite extension L/k{h}) such that the extension of a to A:(W^Xj,(ai)^) 
has index 1 or /. Now L is the function field of a smooth curve C such that there is 
a finite map C -^ h} . Hence fc(W^ 'Xk(K^) L) is the function field of W — C x^i W . 
So we have shown that the image of a G Br(fc(X)) in k{W') has index 1 or I. So 
what is left to do is to construct a discrete valuation on k{W') with residue field 
k{W). To do this we take a point c ^ C lying above G A^. Then the discrete 
valuation we want is the one associated to the divisor c x^i W . 

So what remains to be done is to construct the morphisms as indicated in the 
diagram. 

Let D <Z X he the ramification divisor of a. By resolution of singularities we may 
assume that D has normal crossings. We claim that we can find smooth effective 
divisors E, E' such that D + E has normal crossings and such that 

D + E ^ 1{D + E') 

We choose an ample line bundle A1 on X. For r sufficiently big we have that 
^x{{l — ^)D) (g) M^'' and M^ are very ample. Let E' be the zeroes of a generic 
section of A4^ . Then E' is smooth by Bertini. Let E be the zeroes of a generic 
section of OxHl — 1)-D) (8) M^K Then E is smooth and D n E is smooth as well 
by Bertini (thus D + E has normal crossings). In the last application of Bertini we 
have used that a generic hyperplane section will miss the finite number of singular 
points of D n ii^ [15, II. 8. 18.1]. We now have isomorphisms 

Ox{D + E')= Ox (D) (» M'- ='' C 
Ox{D + E)= Ox (ID) ® M''' == £' 

Taking the images of 1 under both isomorphisms we get sections Si G H'^{X,C), 
sq G H^{X,C^) with zeroes respectively D + E' and D + E. Note that s{ and sq 
are both sections of H^{X, £'). 
As before we define 

i>0 

L ~ Spec B 
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We have 

LxA^ = Spec B[t] 
and we put 

St = ts[ + (1 - t)s„ 
Let W' as the closed subschenie of ix A^ defined by {T^ — st)C^^ C B[t]. Completely 
analogous to the unramificd case we get a diagram 

W -^^^ L > X 

PI'2 

We let the composition of the horizontal arrows be g' and the vertical arrow is /'. 
As before we find that /' is fiat and proper. 

If we take the fiber of W ^ X x A^ at the generic point of X x A^ we get 

Specfc(X)(t)(^) 

(to make sense of this one chooses an arbitrary trivialization >C^ ^ Ox.ri at the 
generic point of X] in this way sq, si become elements of k{X)). 

Let D = Dx A} . The valuations of sq, s\ for the discrete valuation defined by an 
irreducible component of D are respectively 1 and I. Hence St has valuation 1. Thus 
St is not an Tth power and hence k{X){t){^l/sl) is a field. The same argument works 
if we replace k{t) by a finite extension L/k{t). Hence we deduce that /' : W — > A^ 
is generically geometrically irreducible. 

Let us now discuss the fibers of and 1 of /'. 

(1) (/')^^(O) has equation T' = sq. Hence it is a degree / cover of X, ramified 
in £» + ^. 

(2) (/')^^(l) has equation T' — s\ = which factors in / linear factors. We 
deduce that (/')^^(l) is of the form 

XiU---UXi 

where Xi = X. The singular locus of (/')^^(l) is the locus where si is 

zero, i.e. D + E' . 
We know that both so and si are zero on D. Hence st is zero on D = D x A^. The 
divisor defined by St in W' is of the form 

D + Et 

There is an open neighborhood [/ of where the fibers of Et and Et O D have 
respectively dimension one and zero (this follows from upper-semicontinuity of fiber 
dimension for proper morphisms; e.g. combine [19, L8 Cor 3] with the fact that 
proper morphisms are closed [15, Ch II]). Since X is regular it follows that Et and 
EtO D are defined locally by regular sequences and hence are Cohen-Macaulay. In 
particular they have no embedded components. From this one deduces that Et/U 
and D fl Et/U are flat (as over k[t] torsion free modules are fiat). By openness of 
smoothness for flat maps [14, Thm 17.5.1] we may shrink U in such a way that Et 
and EtHD are smooth. In other words the fibers oi Et + D have normal crossings 
with smooth components. 

The equation of (,f')^^{U) is (locally) T' — st and the zeroes of St \ /"^{U) 
are {Et + D) \ U. Thus the singularities of {f')^^{U) form a 1-dimensional family 
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of Ai-i singularities. Using [^-S^] blowups of the closure of the singular locus we 
may simultaneously resolve the fibers of f^^{U) -^ U. We end up with a probably 
singular but integral threefold / : W -^ W such that f~^(U) —^U\s smooth. 

Now note that the ideals we have blown up define subvarieties of dimension 1 . 
Since all components of (/')^^(l) are of dimension 2 this means that /^^(l) will 
consist of the strict transform of (/')^^(l) pl^s possibly some exceptional compo- 
nents. 

Now let W" be obtained from W' by removing from the fiber of 1 all components, 
except the strict transform of one components of Wi . Finally let W be the smooth 
locus of W" . Then W has all desired properties except that we still need to show 
that Wfi splits a. 

We have the diagram of maps 

Here WU{X x A^)^ is a cyclic covering which is ramified in a normal crossing 
divisor with smooth components which contains the ramification locus of a and 
W^ is the canonical desingularization of W^ obtained by repeatedly blowing up the 
singular locus. It now suffices to invoke Proposition 5.7. D 
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